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REMARKS ON THE FOURIER COEFFICIENTS OF MODULAR
FORMS
KIRTI JOSHI
Abstract. We consider a variant of a question of N. Koblitz. For an elliptic
curve E/Q which is not Q-isogenous to an elliptic curve with torsion, Koblitz
has conjectured that there exists infinitely many primes p such that Np(E) =
#E(Fp) = p+1−ap(E) is also a prime. We consider a variant of this question. For
a newform f , without CM, of weight k ≥ 4, on Γ0(M) with trivial Nebentypus χ0
and with integer Fourier coefficients, let Np(f) = χ0(p)p
k−1+1−ap(f) (here ap(f)
is the pth-Fourier coefficient of f). We show under GRH and Artin’s Holomorphy
Conjecture that there are infinitely many p such that Np(f) has at most [5k +
1+
√
log(k)] distinct prime factors. We give examples of about hundred forms to
which our theorem applies.
To Pramodini J. Joshi,
in memoriam (1924-2009)
1. Introduction
1.1. Koblitz’ question for elliptic curves. For a natural number n, let ω(n)
denote the number of distinct prime factors of n and let Ω(n) be the number of
primes, dividing n counted with multiplicities. Let E/Q be an elliptic curve and,
for a prime p of good reduction of E. Let Np(E) = p + 1 − ap(E) be the number
of points on the reduction of E modulo p. Assume that E is not Q-isogenous to an
elliptic curve with torsion. In [Kob88] the following question was studied: how often
is Np(E) a prime? In [Kob88] it was conjectured that this happens infinitely often.
Several authors (see [MM01, CM04, Coj05, SW05a, SW05b]) have recently studied
this question.
1.2. The example of the Delta function. Motivated by this question, we study
a similar problem for modular forms. Specifically, let f(q) =
∑∞
n=1 an(f)q
n be
a cuspidal, normalized, new, Hecke eigenform on Γ0(M) of weight k ≥ 2 (here
M ≥ 1 is an integer) and Nebentypus χ, without complex multiplication and with
integer Fourier coefficients. Then we are interested in the number of prime factors
of Np(f) = χ(p)p
k−1+1−ap(f). In particular one can study this for the Ramanujan
modular form ∆(q) (see [Ram16]) of weight twelve
∆(q) =
n∑
n=1
τ(n)qn = q
∞∏
n=1
(1− qn)24 ,
on SL2(Z). The example of Ramanujan form already shows that for a given newform
the numbers Np(f) = χ(p)p
k−1+1−ap(f) may be composite for all primes p. Indeed
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Ramanujan’s congruences [Ser73] for τ(n) show that for all primes p ≥ 5
(1.2.1) Np(∆) ≡ 0mod(25 · 3 · 691),
so that we have ω(Np(∆)) ≥ 3 and Ω(Np(∆)) ≥ 7 for all p ≥ 5; and note that
N2(∆) = 2
11 + 1 − τ(2) = 3 · 691;N3(∆) = 311 + 1 − τ(3) = 2 · 691. So we have
in any case that ω(Np(∆)) ≥ 2, thus the obvious variant of the above question is
trivially false for the Ramanujan modular form. In 9.1 we suggest a refined version
of Koblitz’s conjecture which includes the behavior of the sort seen for Ramanujan’s
Delta function.
1.3. The main question. However given a newform f of weight k on Γ0(M) and
Nebentypus χ, with rational or integral Fourier coefficients, we may still ask if the
following weaker version of Koblitz’ question is still true: do there exist infinitely
many primes p such that Np(f) = χ(p)p
k−1 + 1 − ap(f) has bounded number of
prime factors?. In this note we will prove that this is indeed the case if we assume
the Generalized Riemann Hypothesis and the generalized Riemann hypothesis. We
prove the following theorems:
Theorem 1.3.1. Assume GRH and Artin’s Holomorphy Conjecture for Artin L-
functions and suppose that f is a newform satisfying hypothesis 2.1. Let
Np(f) = χ(p)p
k−1 + 1− ap(f).
Then
(1) there exists infinitely many primes p such that
ω(Np(f)) ≤ [5k + 1 +
√
log(k)],
(2) and there exists infinitely many primes p such that
Ω(Np(f)) ≤ [8k + 1 +
√
log(k)].
Corollary 1.3.2. Assume GRH and Artin’s Holomorphy Conjecture for Artin L-
functions. Let τ(n) be the Ramanujan τ -function. Then there are infinitely many
prime p such that
3 ≤ ω(p11 − τ(p) + 1) ≤ [61 +
√
log(12)] = [62.57 · · · ] = 62
and an infinity of primes p such that
7 ≤ Ω(Np(∆)) ≤ [98.57 · · · ] = 98.
The proofs are along the lines of [SW05a, SW05b]. We use a weighted sieve to ar-
rive at this result. We prove more precise versions of Theorems 1.3.1, Theorem 1.3.2
in Theorem 2.2.2 and Theorem 2.2.3 where we provide lower bounds for the set of
such primes. These results should be compared with the known results for prime
divisors of values of a fixed irreducible polynomial (see [HR74]). In Theorem 2.3.1
we provide an upper bound which is of the order of magnitude comparable to the
lower bounds of Theorems 2.2.2 and Theorem 2.2.3. In section 8 we give a table of
about 100 modular forms of various levels and weights where our theorem applies.
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1.4. Normal order of Np(f). In contrast to the above results, in Theorem 7.1.1
we show that the average behavior of ω(Np(f)) is similar to the average behavior
of ω(p − 1). More precisely we show (on GRH) that ω(Np(f)) has normal order
log log(p). In fact a version of Erdos-Kac Theorem holds for ω(Np(f)). This result
shows (again) that the set of primes p for which ω(Np(f)) is bounded is of zero
density (on GRH).
1.5. Odds and ends. We end with some remarks about the existence of forms f
for which ω(Np(f)) ≥ 2 for all p. In fact we show (see Remark 9.2.1) that there
exists a sequence of weights ki → ∞ as i → ∞ and a normalized cusp form (but
need not be eigenform) fki of weight ki on SL2(Z) with integer coefficients such that
ω(Np(fki)) ≥ 2 for all i and for all primes p ≥ 2. So the numbers ω(Np(f)) ≥ 2 for
all p ≥ 2 for infinitely many cusp forms (normalized, but not necessarily eigenforms).
In Remark 9.2.2 we record a bound for the number of primes dividing the numerator
of Bn/n.
1.6. Acknowledgements. We would like to thank M. Ram Murty for his com-
ments. We have added a refined version of Koblitz’ conjecture in 9.1 in response
to his question. We are grateful to the referee for many suggestions and correc-
tions. The section 6 on the results assuming GRH (as opposed to GRH and Artin
Holomorphy conjecture) was added at the referee’s suggestion.
2. Statement of the main results
2.1. Hypothesis on our forms. Let k ≥ 4 be an integer. Let
(2.1.1) f(z) =
∞∑
n=1
an(f)q
n
be a new, normalized, cuspidal, Hecke eigenform of weight k on Γ0(M) with Neben-
typus χ. Following the usual convention we will simply call such a form a newform
on Γ0(M) with Nebentypus χ. Throughout this paper we will assume that f does
not have complex multiplication, CM for short, (see [Rib77] for definition and prop-
erties) and that f has integer Fourier coefficients, i.e., we will assume that an(f) ∈ Z
for all n ≥ 1. Since the field of Hecke eigenvalues contains the field of values of χ (see
[Rib77]), our assumptions restrict χ to be of order at most two. Further by [Rib77,
Remark 2, page 34] any form with coefficient field Q and with Nebentypus of order
two has CM. So our assumption entails that f is a newform of weight k ≥ 4 with-
out complex multiplication on Γ0(M), with trivial Nebentypus χ0 and with rational
Fourier coefficients. We will work with such forms throughout this paper. We note
that if the level M is square-free, then our assumption that the form does not have
complex multiplication is automatic (see [Rib77]). In section 8 we give examples of
about hundred modular forms of square-free levels ≤ 21 and weights ≥ 4 where our
results apply. Our list is by no means exhaustive. We note that we assume that f has
weight k ≥ 4. A form of weight two satisfying our hypothesis corresponds to elliptic
curves over Q (by the modularity theorem (see [Bre01, Theorem A] and references
therein)) and has been covered by [MM01, CM04, Coj05, SW05a, SW05b].
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A typical example of a form which satisfies the above hypothesis and of particular
interest to us is the Ramanujan cusp form of weight twelve given by
(2.1.2) ∆(z) = q
∞∏
n=1
(1− qn)24 =
∞∑
n=1
τ(n)qn.
The unique normalized cuspidal eigen forms ∆k, of weights k for k = 12, 16, 18, 20, 22, 26
(with ∆12 = ∆) on SL2(Z) are also forms which satisfy our hypothesis.
By the results of Deligne ([Del69]) we have for f(z) satisfying our hypothesis and
for all prime p 6 |M , that
(2.1.3) |ap(f)| ≤ 2p(k−1)/2,
and in particular for the Ramanujan modular form (2.1.2), the famous assertion of
Ramanujan:
(2.1.4) |τ(p)| ≤ 2p(11)/2.
2.2. The main result. For a form f as in 2.1, we write
(2.2.1) L(f, s) =
∞∑
n=1
an(f)
ns
.
Then by [Del69] we know that L(f, s) converges for Re(s) > k−1
2
+ 1 and has an
analytic continuation to a holomorphic function to all of C. We now state the more
precise forms of the theorems stated in the introduction, which we will prove in the
subsequent subsections.
Theorem 2.2.2. Assume GRH and Artin’s Holomorphy Conjecture for Artin L-
functions and suppose that f is a newform satisfying hypothesis 2.1.
(1) There exists a positive constant c1(f) depending on f such that for X ≫ 0,
one has
#
{
p ≤ X : ω(Np(f)) ≤ [5k + 1 +
√
log(k)]
}
≥ c1(f) X
log(X)2
(2) There exists a positive constant c2(f) depending on f such that for X suffi-
ciently large, one has
#
{
p ≤ X : Ω(Np(f)) ≤ [8k + 1 +
√
log(k)]
}
≥ c2(f) X
log(X)2
Corollary 2.2.3. Assume GRH and Artin’s Holomorphy Conjecture for Artin L-
functions. Let ∆(q) =
∑∞
n=1 τ(n)q
n be the Ramanujan cusp form on SL2(Z) of
weight 12. Let X be sufficiently large. Then
(1) there exists a positive constant c1(∆) depending on ∆ such that for X ≫ 0
one has
#
{
p ≤ X : ω(p11 + 1− τ(p)) ≤ 62} ≥ c1(∆) X
log(X)2
(2) there exists a positive constant c2(∆) depending on ∆ such that for X ≫ 0
one has
#
{
p ≤ X : Ω(p11 + 1− τ(p)) ≤ 98} ≥ c2(∆) X
log(X)2
Corollary 2.2.3 is, of course, immediate from Theorem 2.2.2.
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2.3. Upper bound. We will also prove the following upper bound which shows
that the lower bounds of Theorem 2.2.2 are of the right order of magnitude, though
a precise asymptotic formula seems out of reach at the moment (even under GRH
and Artin’s Holomorphy Conjecture).
Theorem 2.3.1. Let f(q) =
∑∞
n=1 an(f)q
n be a newform satisfying the hypothe-
sis 2.1. Assume GRH and Artin’s Holomorphy Conjecture for Artin L-functions.
Then we have
# {p ≤ X : Ω(Np(f)) ≤ 9k − 8} ≪ X
(logX)2
.
3. Nuts and bolts
3.1. Let f(q) =
∑∞
n=1 an(f)q
n be a newform satisfying our hypothesis 2.1. Let us
write
(3.1.1) Np(f) = χ(p)p
k−1 − ap(f) + 1
Then by the theory of Hecke operators (for p not dividing the level) we know that
Np(f) is the value at Y = 1 of the characteristic polynomial Y
2−ap(f)Y +χ(p)pk−1
of the Hecke operator Tp.
Write Y 2 − ap(f)Y + χ(p)pk−1 = (Y − αp(f))(Y − βp(f)). Then we know by
[Del69] that |αp(f)| = |βp(f)| = p(k−1)/2
3.2. By the work of Deligne (and Deligne-Serre for weight one forms) [Del69] we
know that for every prime ℓ, associated to f (as in 2.1) we have an ℓ-adic Galois
representation
(3.2.1) ρf,ℓ : Gal(Q¯/Q)→ GL2(Qℓ)
such that for every prime p 6 |Mℓ, we have
Tr(ρf,ℓ(Frobp)) = ap(f)(3.2.2)
det(ρf,ℓ(Frobp)) = χ(p)p
k−1.(3.2.3)
3.3. Following Serre, Swinnerton-Dyer and Ribet (see [Ser69, Ser73, Rib77, Rib85])
we may also consider the corresponding “mod ℓ” representations. We recall the
following theorem from [Ser73, Rib85].
Theorem 3.3.1. Let f be a modular form as in 2.1. Let
ρ¯f,ℓ : Gal(Q¯/Q)→ GL2(Fℓ)
be the mod ℓ Galois representation associated to f . Then there exists an integer mf
depending on f , such that for all ℓ not dividing mf , we have
Image(ρ¯f,ℓ) = Gℓ,
where
Gℓ =
{
g ∈ GL2(Fℓ) : det(g) ∈ (F∗ℓ)(k−1)
}
.
3.4. Let Kf,ℓ = Q¯
ker(ρ¯ℓ). Then Kf,ℓ is the fixed field of ker(ρ¯f,ℓ) and the extension
Kf,ℓ is Galois with Galois group
(3.4.1) Gal(Kf,ℓ/Q) ≃ Gℓ.
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3.5. More generally, let ρ¯f,ℓn : Gal(Q¯/Q) → GL2(Z/ℓn) be the mod ℓn Galois
representation associated to f . Let Kf,ℓn = Q¯
ker(ρ¯f,ℓn ) be the fixed field of the kernel
of ρℓn. Then Kf,ℓn is Galois with Galois group contained in GL2(Z/ℓ
n).
Proposition 3.5.1. Let f be as in 2.1. Then the following are equivalent:
(1) ℓn|Np(f),
(2) either ρ¯f,ℓn(Frobp) has an eigenvalue equal to 1, or ρ¯f,ℓt(Frobp) is unipotent
for some 1 ≤ t < n.
Proof. Since ℓn|Np(f) if and only ℓn|(pk−1− ap(f) + 1), so ℓn|(1−αp(f))(1− βp(f))
where Y 2 − ap(f)Y + pk−1 = (Y − αp(f))(Y − βp(f)). Hence if neither of αp(f) −
1, βp(f) − 1 are divisible by ℓn, then αp(f) ≡ 1mod ℓr and βp(f) ≡ 1mod ℓs, for
some 1 ≤ r, s < n and r + s = n. So that both αp(f) ≡ βp(f) ≡ 1mod ℓt with
t = min(r, s). So this says that ρ¯f,ℓn(Frobp) acts as a unipotent matrix modulo a
suitable power, say ℓt with 1 ≤ t < n, of ℓ. This proves the theorem. 
Lemma 3.5.2. Let Cℓ,n ⊂ GL2(Z/ℓn) be the subset of matrices g ∈ GL2(Z/ℓn) such
that g either has an eigenvalue 1 or for some 1 ≤ t < n, the image of g under the
natural map GL2(Z/ℓ
n)→ GL2(Z/ℓt), is identity. Then Cℓ,n is a conjugacy set (i.e.
a union of conjugacy classes of GL2(Z/ℓ
n).
Proof. This is clear. 
3.6. We will use the following lemma.
Lemma 3.6.1. Let λ = gcd(k − 1, ℓ− 1). Then
#Cℓ,1 =
ℓ3 − (λ+ 1)ℓ
λ
.
Proof. We count using method of [Was86]. By definition #Cℓ,1 is the number of
matrices in Gℓ which have at least one eigenvalue one. The number of such matrices
is the number of matrices which look like(
1 ∗
0 uλ
)
where u ∈ F∗ℓ times the number of one dimensional subspaces of Fℓ ⊕ Fℓ minus the
number of matrices which get counted twice; the former number is ℓ(ℓ− 1)/λ times
(ℓ+1); while the number of matrices which get counted twice are the ones with both
the eigenvalues equal to one (and this number is ℓ). So the number of matrices in
Cℓ,1 is (ℓ+ 1)ℓ(ℓ− 1)/λ− ℓ. This easily simplifies to ℓ
3−(λ+1)ℓ
λ
. 
Lemma 3.6.2. We have
#Gℓ =
(ℓ2 − 1)(ℓ2 − ℓ)
λ
.
Proof. This is clear from the exact sequence
1→ SL2(Fℓ)→ Gℓ → (F∗ℓ)λ → 1,
and the standard formula for computing the order of SL2(Fℓ). This proves the
assertion. 
Lemma 3.6.3. For ℓ≫ 0, and λ = gcd(k − 1, ℓ− 1) we have
#Cℓ,1
Gℓ
=
1
ℓ
+O
(
1
ℓ3
)
.
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Proof. Clear from the fact that
#Cℓ,1
Gℓ
=
1
ℓ
− λ+1
ℓ3
1− 1
ℓ
− 1
ℓ2
+ 1
ℓ4
,
and so the assertion follows for ℓ≫ 0 by expansion of the denominator. 
4. The Weighted Sieve
4.1. We will prove Theorem 2.2.2 by using a suitable weighted sieve due to Richert
[HR74]. The sieve problem we encounter here is a one dimensional sieve problem
in the parlance of “sieve methods” and we will use notations from [HR74] in this
section. We begin with the notations and conventions we need to apply the results
of [HR74, Theorem 9.1, Lemma 9.1].
4.2. Let A be a finite set of integers (need not be positive or distinct). Let P be an
infinite set of prime numbers. For each prime ℓ ∈ P, let Aℓ = {a ∈ A : a ≡ 0mod ℓ}.
We write
#A = X +R1
and
#Aℓ = δ(ℓ)X +Rℓ
where X is some approximation to A , and δ(ℓ)X is some approximation to Aℓ. For
a square-free positive integer d composed of primes of P, let
δ(d) =
∏
ℓ|d
δ(ℓ)(4.2.1)
Ad = ∩ℓ|dAℓ(4.2.2)
Rd = #A − δ(d)X.(4.2.3)
For z > 0, let
P (z) =
∏
ℓ∈P,ℓ<z
ℓ,
W (z) =
∏
ℓ∈P,ℓ<z
(1− δ(ℓ)) .
4.3. Sieving hypotheses. We will sssume that these satisfy the following hypoth-
esis
(Ω1): there exists a constant A1 ≥ 0 such that 0 ≤ δ(ℓ) ≤ 1 − 1/A1 for all
ℓ ∈ P.
(Ω2(1, L)): there exists a constant L ≥ 1 and A2 such that if 2 ≤ w ≤ z, then
−L ≤
∑
2≤w≤z
δ(ℓ) log ℓ− log(z/w) ≤ A2,
(R(1, α)): there exists 0 < α < 1 and A3, A4 ≥ 1 such that, if X ≥ 2 then∑
d<Xα/(log(X))A3
µ(d)23ω(d) |Rd| ≤ A4 X
(logX)2
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4.4. The sifting function. With A ,P as above, we consider a weighted sifting
function of the following form
(4.4.1) W (A ,P, v, u, λ) =
∑
a∈A ,(a,P (X1/v)=1)

1− ∑
X1/v≤p<X1/u,p|a,p∈P
β(p, λ)

 ,
where
(4.4.2) β(p, λ) =
{
λ
(
1− u log p
logX
)
if X1/v ≤ p < X1/u, p ∈ P
0 otherwise.
4.5. We recall the following form of Richert’s weighted one dimensional sieve from
[HR74, Theorem 9.1, Lemma 9.1].
Theorem 4.5.1. Let the notations and conventions be as in 4.2, 4.3. Assume that
hypothesis Ω1, Ω2(1, L) and R(1, α) hold for a set A as in 4.2, 4.3. Suppose further
that there exists u, v, λ ∈ R and A5 ≥ 1 such that
1
α
< u < v,
2
α
≤ v ≤ 4
α
, 0 < λ < A5.
Then
W (A ,P, u, v, λ) ≥ XW (X1/v)
(
F (α, v, u, λ)− cL
(logX)1/14
)
,
where
F (α, v, u, λ) =
2eγ
αv
(
log(αv − 1)− λαu log v
u
+ λ(αu− 1) log αv − 1
αu− 1
)
.
Here γ is Euler’s constant.
4.6. Proofs of the main theorems. We will now apply the Theorem 4.5.1 to the
following situation. We will take
A = {Np(f) : p ≤ X} ,
and
P = {p : p a prime} ,
so that #A = π(X) and by the prime number theorem, we may write #A = #A1 =
X
log(X)
+R1. By the Chebotarev density theorem applied to the extensions Kℓ,f , we
may take δ(ℓ) X
log(X)
as an approximation to #Aℓ, where δ(ℓ) =
#Cℓ,1
#Gℓ
(see 3.6.3). To
get uniform error term in the Chebotarev density theorem for the extensions Kℓ valid
for a range of ℓ we will need GRH and Artin’s Holomorphy Conjecture (especially
the version of Chebotarev density theorem of [MMS88]). To apply Theorem 4.5.1
we have to verify that the hypothesis Ω1,Ω2(1, L), and R(1, α) hold (see 4.3). We
will do this now.
Lemma 4.6.1. The hypothesis (Ω1) holds with a suitable A1 > 0, i.e., we have
0 ≤ δ(ℓ) ≤ 1− 1
A1
,
with a suitable A1.
Proof. This is clear from the fact that δ(ℓ) =
#Cℓ,1
#Gℓ
= 1
ℓ
+O( 1
ℓ3
) (see Lemma 3.6.3).

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Lemma 4.6.2. The hypothesis (Ω2(1, L)) holds with a suitable L, i.e., there exists
an A2 ≥ 1 and an L such that for 2 ≤ w ≤ z, we have
−L ≤
∑
w≤p<z
δ(ℓ) log(ℓ)− log z
w
≤ A2
Proof. This is again clear from Lemma 3.6.3 and Mertens’s Theorem (see [HW79,
page 351]). Indeed δ(ℓ) = 1
ℓ
+O( 1
ℓ3
). 
The next step is to establish that R(1, α) holds. This is where we use GRH
and Artin’s Holomorphy Conjecture. To prove R(1, α) holds we need a form of
Chebotarev density theorem currently available under GRH and Artin’s Holomorphy
Conjecture (see [MMS88]).
Lemma 4.6.3. Let f be a newform satisfying our hypothesis 2.1. Let
Rd = πf(X, d)− δ(d)Li(X).
Assume GRH and Artin’s Holomorphy Conjecture for all Artin L-functions. Then
hypothesis (R(1, α)) holds with any α < 1/5, i.e., we have for any α < 1/5:∑
d<Xα/(log(X))B
µ(d)23ω(d) |Rd| ≪ X
(logX)2
Proof. Observe that we have from [HW79, page 260], that
3ω(n) ≤ d(n)3 log 3/ log 2 ≪ nε.
Thus we have ∑
d<Xα/(logX)B
µ2(d)3ω(d) |Rd| ≪
∑
d<Xα/(logX)B
dε |Rd| .
Assuming GRH and Artin’s Holomorphy Conjecture and by [MMS88] we have
|Rd| = O
(
d3/2X1/2 log(dX)
)
.
So the sum in question is certainly
≪
∑
d<Xα/(log(X))B
d3/2+εX1/2 log(dX),
which is
≪ X1/2 log(X)
∑
d<Xα/(logX)B
d3/2+ε,
and this is, by partial summation,
≪ X1/2+(5/2)α+ǫ.
For α < 1/5, the sum in the assertion is
≪ X1/4+ε
and clearly this is certainly ≪ X
(logX)2
. This proves the assertion. 
Lemma 4.6.4. For X ≫ 0, we have
W (X)≫ 1
logX
Proof. This is clear from our estimates for δ(ℓ) and Mertens’s Theorem [HW79, page
351] 
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4.7. Choice of sieve parameters. Thus we can apply Theorem 4.5.1 to our situ-
ation and we will make this explicit now. To apply Theorem 4.5.1 we need to choose
α, u, v, λ satisfying conditions of the theorem.
We choose as follows. We will take k ≥ 3 and:
α =
1
5
− 1
5k
=
k − 1
5k
,(4.7.1)
u =
5k
k − 1 +
1
k − 1 =
5k + 1
k − 1(4.7.2)
v =
4
α
=
20k
k − 1 ,(4.7.3)
λ =
1√
log(k)
.(4.7.4)
Then we have
1
α
=
5k
k − 1 < u =
5k + 1
k − 1 < v =
4
α
=
20k
k − 1 .
With these choices, we define
G1(k) = F
(
k − 1
5k
,
20k
k − 1 ,
5k + 1
k − 1 ,
1√
log(k)
)
explicitly this is given by
(4.7.5) G1(k) =
eγ
(
5k log(3)
√
log(k) + log(15k)− (1 + 5k) log(20k/1 + 5k)
)
10k
√
log(k)
.
It is clear that for k ≫ 0, one has G1(k) > 0 and numerically one checks that for
all k ≥ 3.039 · · · , we have G1(k) > 0. Thus we have that F (α, v, u, λ) > 0 for these
choices of the parameters. So we can apply Theorem 4.5.1, and note that by the
prime number theorem (or by Chebyshev’s Theorem) we have #A ≫ X
logX
and so
we deduce that
W (A ,P, u, v, λ)≫ X
(logX)2
.
Now suppose that p is such thatNp has positive weight in the sum W (A ,P, u, v, λ)
then we claim that ω(Np(f)) ≤ [5k+
√
log(k)]. This will prove our theorem. Indeed
as the sum is positive for the above choices of parameters, and so there are primes
p ≤ X where Np(f) has this property.
Now observe that for any such p, the“weight” it contributes is positive so
(4.7.6) 0 < w(p) = 1− λ

 ∑
X1/v<q<X1/u,q|Np(f)
(
1− u log(q)
log(X)
) ,
and Np(f) has no prime divisors q ≤ X1/v; moreover any prime divisor q of Np(f)
with q ≥ X1/u we have
1− u log(q)
log(X)
≤ 0,
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and so even if we include the contribution of primes q > X1/u, in the sum (4.7.6) we
see that
0 < 1− λ

 ∑
q|Np(f)
(
1− u log(q)
log(X)
) ,
and this gives
ω(Np(f)) =
∑
q|Np(f)
1 < u
∑
q|Np(f)
log(q)
log(X)
+
1
λ
(4.7.7)
= u
log(Np(f))
log(X)
+
1
λ
(4.7.8)
(4.7.9)
Now we use the Deligne-Ramanujan-Weil estimate:
Np(f) = p
k−1 + 1− ap(f) ≤ pk−1 + 1 + 2p(k−1)/2,
and we deduce that for sufficiently large X we have∑
q|Np(f)
log(q)
log(X)
≤ log(Np(f))
log(X)
By the Deligne-Ramanujan-Weil estimate the last term is bounded by log(X
k−1+1+2X(k−1)/2)
log(X)
and this is
≤ k − 1 + log(1−X
−(k−1) + 2X−(k−1)/2)
log(X)
For any ε > 0, we can find X ≥ X0(k, ε) such that the second term in the above is
less than ε (k−1)
(5k+1)
. So we have
ω(Np(f)) ≤ u
(
(k − 1) + ε k − 1
5k + 1
)
+
1
λ
,
and now our assertion follows using the fact that we have chosen
u =
(5k + 1)
k − 1 , λ =
1√
log(k)
.
Thus
ω(Np(f)) ≤ 5k + 1 +
√
log(k) + ε.
For a fixed k and X suitably large, we may choose ε > 0 so small that
[5k + 1 +
√
log(k) + ε] = [5k + 1 +
√
log(k)]
and so the first assertion follows.
To prove the second assertion, we observe that we need to estimate the number
of primes p ≤ X which contribute to the sifting function with positive weights and
have a prime divisor ℓ|Np(f) with ℓ2|Np(f) and X1/v ≤ ℓ ≤ X1/u. We will follow the
argument of [SW05a, SW05b] to do this. We easily estimate the number of elements
of Cℓ,2 to as indicated in [SW05a, SW05b] and obtain
#Cℓ,2
#Gℓ
=
1
ℓ2
+O(ℓ−3).
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Thus we have
#
{
p ≤ X : ℓ2|Np(f), X1/v ≤ ℓ ≤ X1/u
}
=
∑
X1/v≤ℓ≤X1/u
#{p ≤ X : ℓ2|Np(f)}.
≪ X
log(X)
∑
X1/v≤ℓ≤X1/u
1
ℓ2
+X1/2+ε
∑
X1/v≤ℓ≤X1/u
ℓ3
= o
(
X
log(X)2
)
,
provided u > 8. So we choose a new set of u, v, λ as follows:
α =
k − 1
5k
,(4.7.10)
u =
8k + 1
k − 1 ,(4.7.11)
v =
16k
k − 1 ,(4.7.12)
λ =
1√
log(k)
.(4.7.13)
Then we see that
G2(k) = F
(
k − 1
5k
,
16k
k − 1 ,
8k + 1
k − 1 ,
1√
log(k)
)
.
Explicitly we have
G2(k) =
eγ
16k
√
log(k)
{
5 log(11/5)k
√
log(k) + (3k + 1) log
(
11k
3k + 1
)
− (8k + 1) log
(
16k
8k + 1
)}
and it is easy to see that G2(k) > 0 for k ≫ 0 and numerically one has G2(k) is
positive for k ≥ 4.
Thus for these choices of u, v, λ the primes p ≤ X such that Np(f) has a small
square divisor do not contribute to the lower bound for the sifting function. Let p
be such a prime, so that Np(f) makes a positive contribution to the sum W . Then
for such a p, Np does not have any prime divisors less than X
1/v, and for primes
ℓ|Np(f) such that X1/v < ℓ < X1/u, ℓ2 does not divide Np(f), while for the primes
ℓ > X1/u which divide Np(f) (possibly dividing several times) the contribution to
W is always positive. So we may replace, in our previous argument, the function
ω(Np(f)) by Ω(Np(f)). Indeed we have
0 < w(p) < 1− λ

 ∑
qm|Np(f)
(
1− u log(q)
log(X)
) ,
and this gives
Ω(Np(f)) =
∑
qm|Np(f)
1 < u
∑
qm|Np(f)
log(q)
log(X)
+
1
λ
(4.7.14)
= u
log(Np(f))
log(X)
+
1
λ
(4.7.15)
(4.7.16)
REMARKS ON THE FOURIER COEFFICIENTS OF MODULAR FORMS 13
Now we use the Deligne-Ramanujan-Weil estimate (note that χ(p) = 1 for all but
finite number of primes as χ is trivial):
Np(f) = χ(p)p
k−1 + 1− ap(f) ≤ pk−1 + 1 + 2p(k−1)/2,
and we deduce that for sufficiently large X we have∑
q|Np(f)
log(q)
log(X)
≤ log(Np(f))
log(X)
By the Weil estimate the last term is bounded by log(X
k−1+1+2X(k−1)/2)
log(X)
and this is
≤ k − 1 + log(1−X
−(k−1) + 2X−(k−1)/2)
log(X)
For any ε > 0, we can find X ≥ X0(k, ε) such that the second term in the above is
less than ε (k−1)
(5k+1)
. So we have
Ω(Np(f)) ≤ u
(
(k − 1) + ε k − 1
5k + 1
)
+
1
λ
,
and now our assertion follows using the fact that we have chosen
u =
(8k + 1)
k − 1 , λ =
1√
log(k)
.
Thus
Ω(Np(f)) ≤ 8k + 1 +
√
log(k) + ε.
For a fixed k and X suitably large, we may choose ε > 0 so small that
[8k + 1 +
√
log(k) + ε] = [8k + 1 +
√
log(k)]
and so the first assertion follows. Thus we see that
#
{
p ≤ X : Ω(Np(f)) ≤ 8k + 1 +
√
log(k)
}
≫ W (A ,P, v, u, λ)≫ c2(f) X
log(X)2
.
This proves our assertion.
4.8. Now we can prove the corollary. For the Ramanujan modular form
∆(q) =
∞∑
n=1
τ(n)qn
we have k = 12 and hence we deduce assuming GRH and Artin’s Holomorphy
Conjecture for Artin L-functions that, there exists infinitely many prime p
3 ≤ ω(p11 + 1− τ(p)) ≤ [61 +
√
log(12)] = 62.
So on GRH and Artin’s Holomorphy Conjecture, there exists infinitely many primes
p, such that p11+1−τ(p) has at most [61+√log(12)] = 62 prime factors. Moreover
there also exists infinite many primes p such that
7 ≤ Ω(p11 + 1− τ(p)) ≤ [97 +
√
log(12)] = 98.
As indicated in the introduction, the bounds ω(Np(∆)) ≥ 3 and Ω(Np(∆)) ≥ 7 are
consequences of the Ramanujan congruences for ∆(q). This completes the proof of
Theorem 2.2.3.
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5. Upper bounds
5.1. We can also obtain an upper bound (again under GRH and Artin’s Holo-
morphy Conjecture) which shows that the lower bounds are of the right order of
magnitude. The upper bound is obtained using Selberg’s sieve.
Theorem 5.1.1. Let f(q) =
∑∞
n=1 an(f)q
n be a newform satisfying hypothesis 2.1.
Assume GRH and Artin’s Holomorphy Conjecture for Artin L-functions. Then we
have
# {p ≤ X : Ω(Np(f)) ≤ 9k − 8} ≪ X
(logX)2
.
Proof. Let A = {Np(f) : p ≤ X}, P be the set of all primes. Let P (z) =∏
p<z,p∈P p; and let
S (A ,P, z) =
∑
a∈A ,(a,P (z))=1
1.
Then [HR74, Theorem 5.1, Chapter 5] provides a convenient way for estimating
S (A ,P, z) under the hypothesis (Ω1), (Ω2(1, L)) (see 4.3). Since we have already
verified that these hypothesis hold in our setup, we can proceed to apply the [HR74,
Theorem 5.1, Chaper 5] with z = X1/9 and we obtain
S (A ,P, X1/9)≪ X
(logX)2
.
Let p ≤ X be a prime such that Np(f) contributes to the sum S (A ,P, X1/9), then
for any prime ℓ|Np(f), we have ℓ > X1/9. So that we see that
Np(f) > X
Ω(Np(f))/9.
On the other hand, for p ≤ X , and X ≫ 0, we have Np(X) ≤ 2Xk−1, so that we
have
XΩ(Np(f))/9 < Np(f) < 2X
k−1,
from which we see that one certainly has Ω(Np(f)) ≤ 9(k − 1) + 1. This proves the
theorem. 
6. Results on GRH
6.1. We indicate briefly, the results one can obtain on GRH (as opposed to GRH
and Artin Holomorphy conjecture). As one might expect the results are weaker than
the ones obtained in the preceding sections. The main ingredient of the proof which
is influenced by GRH or GRH and Artin Holomorphy conjecture is the Chebotarev
density theorem of [MMS88]. On GRH the error terms in the Chebotarev density
theorem are weaker and the bounds on ω(Np(f)) and Ω(Np(f)) are correspondingly
weaker. Both sets of hypothesis do however imply the existence of infinitely many
primes where Ω(Np(f)) (and hence ω(Np(f))) is bounded by a constant depending
on the weight of f . To keep the discussion brief we will prove the result for ω(Np(f)).
Theorem 6.1.1. Assume GRH for Artin L-functions and suppose that f is a new-
form satisfying hypothesis 2.1. Then there exists a positive constant c1(f) depending
on f such that for X ≫ 0, one has
#
{
p ≤ X : ω(Np(f)) ≤ [8k + 1 +
√
log(k)]
}
≥ c1(f) X
log(X)2
.
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Corollary 6.1.2. Assume GRH for Artin L-functions. Let ∆(q) =
∑∞
n=1 τ(n)q
n be
the Ramanujan cusp form on SL2(Z) of weight 12. Let X be sufficiently large. Then
there exists a positive constant c1(∆) depending on ∆ such that for X ≫ 0 one has
#
{
p ≤ X : ω(p11 + 1− τ(p)) ≤ 98} ≥ c1(∆) X
log(X)2
.
Proof. The proofs of Theorem 6.1.1 and Corollary 6.1.1 are similar to the proofs
of Theorem 2.2.2 and Corollary 1.3.2. So we will indicate the changes required in
the argument and the choice of the sieving parameters we make which allows us to
arrive at the stated results. The change in our hypothesis from Artin Holomorphy
and GRH to GRH alone changes the error term in the Chebotarev density theorem
(see [MMS88]). The change affects Lemma 4.6.3 which we replace by the following
Lemma 6.1.3 given below. 
Lemma 6.1.3. Let f be a newform satisfying our hypothesis 2.1. Let
Rd = πf(X, d)− δ(d)Li(X).
Assume GRH for all Artin L-functions. Then hypothesis (R(1, α)) holds with any
α < 1/8, i.e., we have for any α < 1/8:∑
d<Xα/(log(X))B
µ(d)23ω(d) |Rd| ≪ X
(logX)2
Proof. Observe that we have from [HW79, page 260], that
3ω(n) ≤ d(n)3 log 3/ log 2 ≪ nε.
Thus we have ∑
d<Xα/(logX)B
µ2(d)3ω(d) |Rd| ≪
∑
d<Xα/(logX)B
dε |Rd| .
Assuming GRH by [MMS88] we have
|Rd| = O
(
d3X1/2 log(dX)
)
.
So the sum in question is certainly
≪
∑
d<Xα/(log(X))B
d3+εX1/2 log(dX),
which is
≪ X1/2 log(X)
∑
d<Xα/(logX)B
d3+ε,
and this is, by partial summation,
≪ X1/2+4α+ǫ.
For α < 1/8, the sum in the assertion is
≪ X1/4+ε
and clearly this is certainly ≪ X
(logX)2
. This proves the assertion. 
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Thus we can apply Theorem 4.5.1 to our situation and we will make this explicit
now. To apply Theorem 4.5.1 we need to choose α, u, v, λ satisfying conditions of
the theorem.
We choose as follows. We will take k ≥ 4 and:
α =
1
8
− 1
8k
=
k − 1
8k
,(6.1.4)
u =
8k
k − 1 +
1
k − 1 =
8k + 1
k − 1(6.1.5)
v =
4
α
=
32k
k − 1 ,(6.1.6)
λ =
1√
log(k)
.(6.1.7)
Then we have
1
α
=
8k
k − 1 < u =
8k + 1
k − 1 < v =
4
α
=
32k
k − 1 .
With these choices, we define
G3(k) = F
(
k − 1
8k
,
32k
k − 1 ,
8k + 1
k − 1 ,
1√
log(k)
)
explicitly this is given by
(6.1.8)
G3(k) =
eγ
32k
√
log(k)
(
8log(3)k
√
log(k) + log(24k)− (1 + 8k)log
(
32k
1 + 8k
))
and then it is clear that G3(k) > 0 for k ≫ 0 and numerically one checks that for
k ≥ 3.609 · · · , we have G3(k) > 0. Thus we have that F (α, v, u, λ) > 0 for these
choices of the parameters. So we can apply Theorem 4.5.1, and note that by the
prime number theorem (or by Chebyshev’s Theorem) we have #A ≫ X
logX
and so
we deduce that
W (A ,P, u, v, λ)≫ X
(logX)2
.
Now the rest of the proof proceeds mutatis mutandis along the lines of Theo-
rem 2.2.2.
6.2. Now we can prove the corollary. For the Ramanujan modular form
∆(q) =
∞∑
n=1
τ(n)qn
we have k = 12 and hence we deduce assuming GRH that, there exists infinitely
many prime p such that
3 ≤ ω(p11 + 1− τ(p)) ≤ [97 +
√
log(12)] = 98.
As indicated in the introduction, the bound ω(Np(∆)) ≥ 3 is a consequence of the
Ramanujan congruences for ∆(q). This completes the proof of Theorem 2.2.3.
7. The normal order of ω(Np(f))
.
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7.1. We show in this section that the average behavior of ω(Np(f)) is similar to
the average behavior of ω(n). More precisely we have the following theorem.
Theorem 7.1.1. Let f be a newform satisfying hypothesis of 2.1. Assume GRH.
Then we have
(7.1.2) lim
X→∞
1
π(X)
#
{
p ≤ X : ω(Np(f))− log log(p)√
log log(p)
≤ γ
}
= G(γ),
where
G(γ) =
1√
2π
∫ γ
−∞
e−
t2
2 dt.
7.2. This will be proved by the method of proof of [Liu06, Theorem 1, page 156].
The proof of Theorem 7.1.1 is very similar to that of [Liu06, Theorem 1, page 156].
So we will only provide a brief sketch here. In [Liu06, Theorem 3, page 160] a general
criterion is given for an arithmetic function to satisfy the Erdo¨s-Kac theorem and
this general result is applied to prove [Liu06, Theorem 1, page 156]. We show here
that these criteria are also valid (under GRH) in the present case. We show that
Theorem 7.1.1 is a consequence of the results of the previous sections and [Liu06,
Theorem 3, page 160]. In this section we will use notations from [Liu06]. To apply
[Liu06, Theorem 3, page 160] we have to verify the seven conditions (C) and (1)-(6)
of loc.cit. are satisfied. In the interest of brevity we will not recall these here. But
we will adhere to the notations of [Liu06]. We take the set S = {p ≤ X : p a prime}
and a function N : S → N given by p 7→ Np(f). Thus condition (C) is obviously
satisfied and we note that by Lemma 3.6.3, the conditions (2), (4) and (5) hold (by
GRH and Mertens’s Theorem). Thus we have to verify condition (3) and (6). This
needs the Chebotarev Theorem of [MMS88]. In the notation of [Liu06] we have
eℓ =
X1/2ℓ3 log(ℓ4X)
π(X)
,
and so conditions (3) and (6) are verified exactly as in [Liu06] with β < 1
10
. This
completes our sketch of Theorem 7.1.1.
8. Examples
We list examples of new forms of low level where the theorems apply. We summa-
rize the data in a convenient form. Each row corresponds to a level. Each column
corresponds to a weight. The (n, k)-th entry lists the number of distinct newforms
satisfying hypothesis of 2.1. The ninety five forms in this list are all non-CM. The
data provided here was extracted from the Modular Forms Database [Ste04] and
also using Sage and PARI/GP software packages [Ste08, PAR08]. We note that the
list is not exhaustive by any means. For instance, one can find forms of weights 48
on Γ0(2) and of weight 44 on Γ0(6) which satisfy hypothesis 2.1 (see [Unk]).
The empty spaces in the list are where our version of Sage failed to provide
conclusive answers or the database did not return values.
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N ↓, k → 4 6 8 10 12 14 16 18 20 22 24 26
1 0 0 0 0 1 0 1 1 1 1 0 1
2 0 0 1 1 0 2 1 1 2 2 0 1
3 0 1 1 2 1
4
5 1 1 1 1
6 1 1 1 1 3 1 3
7 1 1 1
8
9 0
10 1 3 1 3 3
11 0 1 0
12
13 1 0 1
14 2 2 2 2 2
15 2 2 2 2 1
16
17 1 2 1
18
19 1 2
20
21 2 4 1 1 2
9. Remarks and refinements
9.1. Refined version of Koblitz’ conjecture. Let f be a newform as in 2.1. Let
ℓ be a prime and suppose that for all but finite number of primes p we have
χ(p)pk−1 − ap(f) + 1 ≡ 0mod ℓ,
then we say that ℓ is an almost Eisenstein prime for f . Suppose ν(f) is the number
of distinct almost Eisenstein primes for f . The number of such primes is finite by the
Theorem [Rib85] (this is a subset of primes for which the mod ℓ Galois representation
associated to f is reducible). Observe that ω(Np(f)) ≥ ν(f) for all but finitely many
p. Thus we are led to the following reformulation of Koblitz’s conjecture:
Conjecture 9.1.1. Let f be a modular form as in 2.1. Let ν(f) denote number of
almost Eisenstein primes for f . Then for X ≫ 0 the number of primes p ≤ X such
that ω(Np(f)) = ν(f) + 1 is at least ≫ Xlog(X)2 .
For example, for ∆, we have ν(∆) = 3 and so the conjecture predicts that there
are infinitely many primes p where Np(∆) has exactly four distinct prime factors.
Here are all the primes p ≤ 16000 with ω(Np(∆)) = 4.
REMARKS ON THE FOURIER COEFFICIENTS OF MODULAR FORMS 19
p Np(∆)
5 210 · 3 · 23 · 691
7 29 · 35 · 23 · 691
577 213 · 37 · 691 · 190641378938814930857
1153 213 · 36 · 691 · 1160183970784175844330767
1297 211 · 36 · 691 · 16935741217449799251621239
3803 28 · 3 · 691 · 4534718285139898177401117938327717
5693 210 · 3 · 691 · 95907763393686429420185450510493683
11317 210 · 35 · 691 · 2268089547548261526855554962441076239
14437 210 · 36 · 691 · 11008825527208610156044088966777471773
15307 28 · 3 · 5 · 691 · 251458672161512059369128893956312797721
We remark that Conjecture 9.1.1 includes the following version of Koblitz’s con-
jecture for elliptic curves. The original version of Koblitz’ conjecture is made for
elliptic curves which are not Q-isogenous to an elliptic curve with torsion.
Conjecture 9.1.2. Let E/Q be an elliptic curve. Let tE = #E(Q)tor. Then for
X ≫ 0 the number of primes p ≤ X such that ω(Np(E)) = ν(tE) + 1 is at least
≫ X
log(X)2
.
Indeed, if q is a prime dividing the torsion subgroup of E(Q), then it is well-known,
that for primes p, of good reduction for E, we have Np(E) = p+1−ap(E) ≡ 0mod q
(because torsion injects into the Fp-rational points). Hence ν(Np(E)) ≥ ω(tE) and
any prime q dividing tE is an almost Eisenstein prime for E.
9.2. Ramanujan-Serre forms. In the introduction we indicated that the obvious
variant Koblitz’s question is false for ∆(q). Here we show that there exists infinitely
many forms of weights ki tending to infinity (as i → ∞) such that for all primes
p, we have ω(Np(fki)) ≥ 2. The construction depends on what we should call
weak Ramanujan-Serre forms. A weak Ramanujan-Serre form f for SL2(Z) is a
normalized cusp (but not necessarily an eigen) form of weight k on SL2(Z) with
coefficients in Z[1/N ] for some N ≥ 1 and which is congruent to the Eisenstein
series of weight k for every prime q which divides the numerator of Bk/k. We say
that a Hecke eigen form of weight k for SL2(Z) is a strong Ramanujan-Serre form
if it is congruent to some weak Ramanujan-Serre form for every prime dividing
Bk/k. The Ramanujan-Delta function is an example of this; so are the cusp forms
of weights less than 24. The existence of such forms for low weights (the famous
example being ∆(q)) is due to Ramanujan. The existence of weak Ramanujan-
Serre forms for all weights k ≥ 12 is due to Serre (see [Rib77, Kha00]), so the
name weak Ramanujan-Serre forms is appropriate; weak Ramanujan-Serre forms of
weights ≤ 20 are also strong Ramanujan forms as there is only one prime dividing
the corresponding Bk/k. The unique normalized cusp form ∆22(q) of weight 22
is an example of a strong Ramanujan-Serre form (there are two primes 131 and
593 dividing B22/22). Strong Ramannujan-Serre forms do not always exists. For
instance there are no strong Ramanujan-Serre forms of weight k = 24. We do not
know if strong Ramanujan-Serre forms always exist (for all weights). We recall that a
conjecture of Honda asserts that there are no Hecke eigenforms for SL2(Z) satisfying
k ≥ 28 and with integer Fourier coefficients.
20 KIRTI JOSHI
Remark 9.2.1. There exits an increasing, infinite sequence of integers ki ≥ 12
and weak Ramanujan-Serre forms fki of weights ki such that ω(Np(fki)) ≥ 2. In
particular Np(fki) are not primes for all primes p.
Proof. By a result of Serre [Rib77, Kha00], we are assured of the existence of weak
Ramanujan-Serre forms. In other words there exists cusp form fk(q) =
∑∞
n=1 an(fk)q
n
of weight k on SL2(Z) with coefficients in Z[1/N ] for some N ≥ 1, such that for any
prime ℓ dividing the numerator of Bk/k we have
Ek = −Bk/k +
∞∑
n=1
σk−1(n)q
n ≡ fk(q)mod(ℓ)
and thus we deduce that Np(fk) = p
k−1 + 1 − ap(fk) has at least ω(Bk/k) prime
divisors for p ≥ 2. Thus we see that
ω(Bk/k) ≤ ω(pk−1 + 1− ap(fk)).
So it will suffice to prove that there is a sequence of k such that ω(Bk/k) ≥ 2.
To prove this we will use an old result of S. Chowla (see [Cho31]). It was shown
in [Cho31] that if p is an odd prime such that p divides Bn
n
and such that p does not
divide 2n − 1, then p divides the numerator of Bn+(p−1)i for all i ≥ 0. We choose
n = 24 then B24
24
= 103·2294797
65520
, while
224 − 1 6≡ 0mod 103,
so by Chowla’s Theorem, we see that for any i ≥ 0,
B24+102i
24 + 102i
≡ 0mod 103.
Again for any j ≥ 0, 691 divides the numerator of B12+690j
12+690j
. Since the arithmetic
progressions {12 + 690j}j and {24 + 102i}i have infinitely many common elements
(by the Chinese remainder theorem) so that we see that there exists an infinite
number of integers i ≥ 0 such that
B12+690i
12 + 690i
≡ 0mod 103 · 691.
Moreover, as i → ∞ the numerator of B12+690i
12+690i
goes to infinity as well and so
ω(B12+690i/(12 + 690i)) ≥ 2 as i→∞. Thus we may take ki = 12+ 690i. Thus our
assertion follows. 
Remark 9.2.2. The existence of weak Serre-Ramanujan forms fk as above has a
curious consequence. In the notation of the above proposition we have ω(Bk/k) ≤
ω(2k−1 + 1− a2(fk)). Now for sufficiently large n, ω(n)≪ log(n)log(log(n)) . So we see that
ω(Bk/k)≪ log(2
k−1 + 1− a2(fk))
log log(2k−1 + 1− a2(fk)) ≪
k
log(k)
.
So we have for k ≫ 0,
ω(Bk/k)≪ k
log(k)
.
We do not know a better upper bound for the number of prime factors of the
numerator of Bk/k. We note that, as
Bk
k
≍ kk, the normal order heuristics would
suggests ω(Bk/k) ≍ log(k). But we do not know if Bk/k satisfies the normal order
estimates.
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